This paper describes the development of mathematical models, which represent static and dynamic properties of the AQUAI-MOD s hydraulic controller coupled with a standard pressure reducing valve (PRV) as well as a new experimental set-up for testing the controller and calibrating and validating the models. The purpose of the AQUAI-MOD s controller is to modulate the PRV outlet pressure according to the valve flow. The controller has been experimentally tested to assess its operation in different conditions and operating ranges and in all cases showed good performance. The mathematical models of the PRV and its controller have been developed and solved using the Mathematica software package to represent both steady state and dynamics conditions. The numerical results of simulation of the mathematical model have been compared with experimental data and showed a good agreement in magnitude and trends. The model can be used to simulate the behaviour of the PRV and the AQUAI-MOD s hydraulic controller in typical network applications. It can also be used at the design stage to size the controller components and to compute the required set points for the minimum and the maximum pressure before installing the controller in the field. Key words 9 9 9 9 flow-modulation, hydraulic controller, laboratory test, mathematical model, pressure control, PRV
Single-feed pressure reducing valve (PRV) schemes are often adopted for ease of control and monitoring but risk supply interruption in the event of failure. Multi-feed systems improve the security of the supply but are more complex and incur the risk of PRV interactions leading to instability Prescott & Ulanicki 2004) .
PRV can be fixed set-point, dual set-point or fully modulated. A fixed set-point PRV is a standard pressure reducing valve that regulates a high varying upstream pressure to a lower fixed and stable downstream pressure regardless of variations in demand flow. The set-point of the fixed outlet PRV is manually set so that the pressure at the critical node is higher than the minimum value as required by the local regulations. Dual set-point PRV regulates the outlet pressure to two different values according to the time of the day or the demand flow. The high set-point is selected in the same manner as in the fixed set-point PRV, while the lower setting point is adjusted considering the lower system friction losses correlating to the low demand flow. The application of this valve achieves better leakage reduction compared with the fixed set-point PRV. However, the pressure at the critical node may still be too high if the demand flow is lower than the maximum demand but not sufficiently low to switch to the low-pressure setting. Therefore, the classical usage for dual set-point PRV would be in locations where there is a distinct difference between the normal demand flow and the low demand flow, such as in the case of a PRV supplying a DMA with normal domestic demand and a single large industrial customer which causes a significant flow increase.
The fully modulated PRV regulates the outlet pressure to varying set-points, so that the pressure at the critical node remains fixed at the minimum allowed pressure and stable regardless of friction loss variations due to demand flow. The set-points can be modulated according to either demand flow, time of the day or current value of pressure at the critical node, which is sent via telemetry system to the PRV con- between the jet exit and the seat of the pilot shaft, these arrangements work like a pilot valve of a standard PRV (Prescott & Ulanicki 2003) . Note that the control chamber has a constant volume while the volume of the Pitot and jet chambers depends on the position of the modulating shaft connected to rolling diaphragms.
DESCRIPTION OF THE AQUAI-MOD s HYDRAULIC CONTROLLER
The controller modulates the outlet pressure of the PRV according to the main flow, which is sensed and converted to dynamic pressure by the Pitot tube. Standard installation of the controller requires the definition of two set points. The first one is the 'minimum pressure' (corresponding to the minimum night flow), which is adjusted by turning the main pressure adjuster that changes the initial tension of spring 2.
The working principle of this part is similar to that of a traditional pilot valve in a PRV. The second set point is for the 'maximum pressure' (corresponding to the peak demand) which can be set by changing the opening of the modulation adjuster (one directional flow needle valve). If modulation adjuster valve is fully open, there is no flow modulation and the controller acts as a standard PRV pilot valve.
LABORATORY STUDIES
In this section the descriptions of the test rig, the experiments and the results of testing the PRV and the hydraulic controller in different operating conditions are presented. The experiments were performed in a physical test rig where the controller and PRV could be subjected to a wider range of operating conditions than those that could be achieved in a real network without affecting customers. The system comprising a PRV and hydraulic controller was tested to assess Figure 1 9 9 9 9 AQUAI-MOD s controller and its connection to PRV (Patents Pending GB 0711413.5, Int'l PCT/GB2008/050445).
and to evaluate the functionality and robustness of the system, evaluate its performance under a wide range of steady-state and dynamic operating conditions, and to use the experimental data to validate the developed mathematical model.
Test rig description
The test rig used for the experiments was a closed hydraulic loop illustrated in Figure 2 . A centrifugal fixed speed pump delivers the water from the tank through a 3 inch stainless steel pipe which is expanded to a 4 inch pipe before the fitting of the gate valve. The hydraulic loop has two gate valves and a Cla- Using the main pressure adjuster of the controller, the minimum outlet pressure was set to 26 m. Measurements were 
Changes of modulation adjuster setting (test 2)
The opening of the modulation adjuster valve was changed according to the sequence: 25, 30, 40, 50, 60, 70 and 80 per cent, respectively. Between each change of the modulation adjuster setting sufficient time was allowed (between 1 and 2 minutes) for the system to reach the steady-state conditions. 
Changes of the main pressure adjuster setting (test 3)
With the modulation adjuster set at 30 per cent, the minimum outlet pressure was changed every minute by turning the main pressure adjuster (one turn at a time). This was performed starting from the highest pressure setting towards the lowest pressure setting. Figure 5 illustrates the effect of main pressure adjuster setting, denoted N mpadj , on the PRV outlet pressure. Changing the setting from one to three turns of the main pressure adjuster had no effect on the PRV outlet pressure, however changing the setting from four to eight turns decreased the PRV outlet pressure by 12 m per turn, which gives flexibility for the PRV minimum pressure setting to cope with different DMA characteristics and operating conditions. In interval (1) the main flow is high which causes the inlet pressure to be low due to the pump characteristic. The desired In interval (4) the main flow is now constant and this has the following consequences.
(a) The inlet pressure is constant.
(b) The gap between the jet outlet and the seat of the pilot shaft is zero and the pressure in the control chamber and T-junction rapidly increases. This results in flow q 3 going into the control space of the PRV and forcing the main element of the PRV to move down, that is, the PRV is closing.
(c) The outlet pressure is decreasing and so is the pressure acting on the pilot shaft diaphragm.
(d) The pilot shaft moves very slowly to the left and so does the modulating shaft; both of them are still engaged.
In interval (5) In interval (6) the main flow is constant and the PRV and its controller are in steady state.
In interval (7) the main flow is increasing rapidly due to opening of the downstream gate valve and this causes the following.
(a) The modulating shaft moves to the right due to increase in the flow and resulting increase in the dynamic pressure; it stops when the dynamic pressure is balanced by the force of spring 1. In interval (8) the main flow becomes constant and has a high value and the following occurs.
(a) The dynamic pressure is constant and the modulating shaft stops balanced by the force from the spring 1.
(b) The PRV is still opening trying to maintain the outlet pressure and subsequently the inlet pressure is decreasing due to distribution of the pressure between the upstream gate valve and the PRV.
(c) Finally the PRV and its controller reach steady state and the PRV is almost fully opened.
In the case of rapid decrease in the flow rate combined with rapid increase in the inlet pressure, the PRV is fully opened, and the outlet is the same as the inlet for a few seconds then the controller closes the valve to the desired outlet pressure. Such a situation should not arise during the normal operation of a water distribution system. In all other cases the flow modulates the outlet pressure smoothly to the desired values.
EXPERIMENTS TO IDENTIFY COMPONENT PARA-METERS
An approach for deriving a phenomenological model of the system was adopted as described in the section 'Mathematical Model Description'. Due to the lack of technical specification provided by the manufacturer, for some components the physical characteristics of each component (e.g. modulation valve, fixed orifice, etc.) were measured as described below and calibrated separately based on the best fit.
Measuring discharge capacitance of the modulation adjuster (test a)
A water tank was placed at the height of 1.5 m. The modulation adjuster valve was detached from the controller and installed on an elastic pipe. One end of the pipe was connected to the tank bottom and the other pipe end was positioned at different heights (40, 60, 80, 100 and 120 cm respectively) with respect to the water level in the tank in order to measure flow through the pipe for different pressure differences. The choice of pressure differences was consistent with the pressures in the Pitot and jet chambers of the controller observed during normal operating conditions.
Water was discharged from the water tank through the pipe and modulation adjuster valve into a measuring cylinder.
Such an approach was adopted because the flow was too 
Measuring the discharge capacitance of the pilot valve (test b)
Since the pilot valve could not be detached from the controller, its discharge capacitance was evaluated during normal operation of the controller. The low-flow flow meter was installed between t1 and the control chamber to measure flow, q 2 , for different gaps, x r , between the jet outlet and jet seat. Note that x r cannot be directly manipulated during the valve operation. To force the changes in x r the downstream gate valve opening was changed causing the main flow to vary from 1.75 to 17 l/s. This was carried out for different settings of the modulation valve, that is, for 30, 40, 50 and 60 per cent of maximum opening.
MATHEMATICAL MODEL DESCRIPTION
To provide a good understanding of the static and dynamic behaviour of the PRV and its AQUAI-MOD s hydraulic controller, a full phenomenological model has been developed. In the current study, the developed model does not include the effect of pressure waves (water hammer) in the pipes of the system. The phenomenological model developed by (Prescott & Ulanicki 2003 ) is used to model the behaviour of a standard PRV, while the mathematical model of the controller is developed here.
Three moving parts are considered; the first is the main element of the PRV with the other two being the modulating and pilot shafts of the controller, as depicted in Figure 1 . The displacement of each moving part is described by a second order differential equation (Newton's II Law), Equation (1) for the main element of the PRV, and Equations (2) and (3) for the modulating shaft and the pilot shaft of the controller, respectively.
The scripts, m, x, f and h denote the mass in kilograms, the displacement in metres, the friction coefficient opposing the movement of the element in kg/s and the head in metres, respectively; k is the stiffness coefficient of the spring in kg/s 2 ; 
The force terms in Equation (1) The force terms in Equations (2) and (3) 
and where Cv mv ðx m Þ ¼ 0:02107 À 0:0296e À51:1322xm þ 0:011e À261xm À 0:00325e À683:17xm þ 0:0009e À399:5xm
The flow, denoted q 1 , through the fixed orifice between the PRV inlet and t1 is measured and the discharge capacitance of the fixed orifice, denoted Cv fo , is calibrated using the experimental data of test 1. The flow q 1 is expressed by
where Cv fo has a constant value of 8.691 Â 10 À6 m 2.5 /s
The flow q 2 from the control chamber to the jet chamber through the discharge opening of the jet, is measured and the discharge capacitance of pilot valve in m 2.5 /s, Cv j (x r ), is calibrated against the gap, x r , using the experimental data of tests 1, 2 and 3. q 2 and Cv j (x r ) are described as
where where Cv nv ðnÞ ¼ ð0:007753n 4 À 0:1178n 3 þ 0:5357n 2 À 0:1107n À 0:01519Þ Â 10 À5 ð9Þ
Equation (9) describes the relation between opening turns n of the needle valve, and the valve discharge capacitance in m 2.5 /s, Cv nv , which is taken from (Prescott & Ulanicki 2003) .
The bi-directional needle valve has a physical limit to deliver the flow from the control space of the PRV, which is defined as the valve saturation flow, denoted q 3,sat , (Choudhury et al. 2008 ) and is represented by q 3;sat ðnÞ ¼ ð0:02636n 4 À 0:3574n 3 þ 1:473n 2 À 0:01926n À 0:05029Þ Â 10 À5 ð10Þ
In the case of the flow going into the PRV control space during PRV closure, the needle valve discharge capacitance is constant and equal to 0.11 Â 10 À3 m 2.5 /s. The characteristics of the valve show that the valve closes faster than it opens.
The same flow, q 3 , can also be calculated from Equation
(4) as a function of displacement x m
Flow q 6 , into the jet chamber through the modulation adjuster, measure in m 3 /s is described by Equation (12), the modulation adjuster is a one-directional (into the jet chamber direction) needle valve, and the flow is present if the pressure at t2 (h t2 ) is higher than the pressure in the jet chamber (h cj ), otherwise the valve is closed. Discharge capacitance of the modulation adjuster, Cv ma (n) was calibrated using the results of test a for different numbers of opening, n, and is valid for 0rnr8.
where Cv ma ¼ 10 À4 ½2:371 À 2:4240 cosð0:5015nÞ À 1:814 sinð0:5015nÞ À 0:2775 cosð1:0030nÞ þ 1:230 sinð1:0030nÞ þ 0:3311 cosð1:5045nÞ À 0:1315 sinð1:5045nÞ
The relation between the pressure drop and flow q 4 , measured in m 3 /s through the pipe between the Pitot tube and t2, is described by the Darcy-Weisbach formula given in
where the total pressure, denoted h out,t , is equal to the PRV outlet pressure plus the dynamic pressure in the Pitot tube. L 4 , D 4 , A 4 , and f 4 are the length, the diameter in metres, the internal cross sectional area in m 2 and the friction coefficient of the connecting pipe.
The equation can be re-arranged to obtain q 4
Finally, the flow from/to the Pitot chamber can be calculated from change in the volume of the Pitot chamber, as shown in Equation (15) q 5 ¼ .
The mass balance Equations (16) and (17) for junctions t1
and t2, respectively, complete the algebraic part of the model
The pump characteristic has been estimated from the test rig measurements, and the delivered pressure, h in , can be expressed as a cubic function of the main flow h in ¼ À0:026 Â 10 9 q 3 m þ 0:3562 Â 10 6 q 2 m À 1:8605 Â 10 3 q m þ 77:947 ð18Þ
where q m is in m 3 /s and h in in metres.
The described model can be simplified by ignoring the inertia and friction terms (the second and first derivatives of 
STRUCTURE OF THE MODEL
In order to better understand the mathematical structure of the model, the formal state space notation is introduced.
Define the state vector x, the vector of algebraic variables y and the vector of parameters l as follows.
x ¼ 
The additional relationships between state variables can be derived from the definition above.
The general structure of the model can be represented by a vector differential algebraic equation. 
There are six state equations; the first equation is defined by Equation (20), the second by Equation (1), the third by Equation (21), the fourth by Equation (2), the fifth by Equation (22) and finally the sixth by Equation (3). The algebraic part g(x,y,l) is defined by Equations (4)-(18) excluding
Equation (13).
Singularity in the model
Initially the model was implemented in Matlab but despite trying many different solvers the simulations failed to converge and consequently it was decided to use the Mathematica package. In order to accomplish a better understanding of the PRV behaviour and to identify numerical problems encountered in the simulation a simplified problem has been solved analytically (in steady-state conditions and without the outlet pressure modulation).
Equation (1) in steady-state condition becomes
Moreover h cc ¼ h vc , q 3 ¼ 0 and q 5 ¼ 0, hence q 1 ¼ q 2 and q 4 ¼ q 6 . In the steady state x r is constant and subsequently Cv j (x r ) is constant too. Then from Equations (5) and (6)
where
which confirms that the pressure in the control space of the PRV is a convex combination of the inlet and outlet pressures.
Substituting h vc from (24) to (25) allows us to evaluate h out
The value of b 1 depends on the discharge capacitance and it can happen that the term ð1 À a 2 a 1 b 1 Þ is close to zero causing a singularity in Equation (26) as depicted by the plot in Figure 7 . The singularity happens for b 1;critical ¼ a 1 =a 2 . The branch of the plot for b 1 ob 1,critical represents the physical situation when the outlet pressure is smaller than the inlet pressure, while the branch of the plot for b 1 4b 1,critical is just a mathematical construct. The value of h out tends to -N just before b 1,critical and rises to þ N just after b 1,critical . If a numerical solver starts with an initial guess corresponding to b 1 4b 1,critical it may fail to converge to a physical solution, which probably was the reason for the failure of the Matlab simulations.
RESULTS AND DISCUSSION

Steady state results
A number of steady-state characteristics have been measured as an initial assessment of the functionality and robustness of the AQUAI-MOD s hydraulic controller. The corresponding mathematical model was solved using the Mathematica software package and subsequently compared with the measurements to validate the developed mathematical model. In particular, the effects of the flow modulation adjuster and the main pressure adjuster were investigated in steady state to evaluate the performance of the controller. 
Modulation adjuster effect
Dynamic results
The mathematical model including the dynamic aspects were solved using the Mathematica software package to evaluate the behaviour of the system for varying main valve flow. The results of the mathematical model were compared with the experimental data obtained from the test rig to validate the model in dynamic conditions. The results of the full model were compared with the experimental data, and showed a Figure 12 shows the results of the dynamic model compared with experimental data for a sharp closure of the downstream gate valve with the modulation adjuster set up to three turns and the main pressure adjuster to 6.5 turns as described in test 4. The mathematical model does not consider water hammer in the pipes of the system. Note that the closure of the downstream gate valve is not sufficiently fast to show any water hammer effects. Both experiment and the numerical results show a good agreement in both trend and magnitude, and have an error of 0.080 in terms of relative root mean squared error.
In Figure 12 there is a difference between the measured and simulated outlet pressures for t ¼ 47 s. The measured pressure decreases at a slower rate and this is probably due to the simplifying assumptions ignoring friction forces.
It was observed from both experiments and modelling studies that the dominant dynamic behaviour of the PRV equipped with the AQUAI-MOD s controller is decided by the movement of the PRV main element and is the same as a standard PRV with a pilot valve.
CONCLUSIONS
The AQUAI-MOD s hydraulic controller is a device to control and modulate the outlet pressure of a PRV according to the valve flow. The modulation curve is defined by the set points for the minimum and maximum outlet pressure corresponding to the minimum and maximum flow, respectively.
The controller has been experimentally tested via carefully designed experiments to assess its performance and functionality in different conditions and operating ranges. The controller in all cases has showed a good performance by modulating the outlet pressure between the minimum and maximum set points as expected. The dynamic behaviour of the valve has also been tested and presented, followed by a detailed explanation. The controller has worked as expected in all tested conditions and it was found that the dominant dynamic behaviour of the PRV equipped with the AQUAI-MOD s controller is the same as a standard PRV with a pilot valve. It is considered that such hydraulic flow-modulated devices could be used to reduce the leakage while satisfying pressure requirements.
The mathematical model of the controller has been developed and solved with the Mathematica software package for both steady-state and dynamic conditions. The results of the model have been compared with the experimental data and showed a good agreement in the magnitude and trends. The developed models can be used to compute the required adjustment for the minimum and maximum pressure set points before installing the controller in the field, or to simulate the behaviour of a PRV and the AQUAI-MOD s hydraulic controller in typical network applications.
It is considered that the experiment design and modelling approach described in this paper can be helpful for other authors developing mathematical models of similar systems.
Such models can be used at the design stage to size the components of a hydraulic controller and to improve its characteristics. They can also be integrated with water network simulators to study the behaviour of water distribution systems governed by hydraulic flow-modulation controllers.
